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VOA
1Vertex operator algebra (VOA)
Definition1 $V$ $VOA$
(i) $V=\oplus_{n\in}ZV_{\mathit{1}}.,s.t$. $dimV_{1},<\infty(\forall n\in Z),$ $V_{n}=0(n<<0)$ ,
(ii)
$V$ $arrow$ (EndV) $[\lceil Z_{\backslash }Z^{-1}]|$ .$\cdot$ C-linear
$a$ $\mapsto$ $Y(a, z)= \sum a_{n}z^{-n-1}$ ,
$n\in Z$
(iii) $1\in V_{0}.\cdot$ vacuum, $\omega\in V_{2}$ : Virasoro element,
$(V, Y, 1, \omega)$ 6
$\forall a.b\in V$
(V1) $(r_{?1},b=0(n\gg 0)$ ,
(V2) $z_{(1}^{-1} \delta(\frac{\sim 1\vee-z_{2}}{z_{0}})Y(a, z_{1})Y(b, z_{2})-z_{0}^{-1}\delta(\frac{\sim 2\gamma-z_{1}}{--z_{0}})Y(b, z_{2})Y(a, z_{1})$
$=z_{2}^{-1} \tilde{\delta}(\frac{z_{1}-z_{0}}{z_{2}})Y(Y(\mathit{0}., \sim\sim)\mathrm{o}b,$ $z_{2})$ ,
$\delta(z)=\Sigma_{n\in}Z^{Z^{n}}$ $\delta- fun(ition$
(V3) $Y(1, z)=\mathrm{i}\mathrm{d}_{V},$ $Y(a, z)1\in V[\mathrm{H}\mathrm{I}_{arrow 0}\mathrm{i}\mathrm{m}Y(a, z)1=a$ ,
(V4) $Y( \omega, z)=\sum_{n\in}ZL_{n}z^{-n-2}$ $\langle$
$[L_{m}, L_{n}]=(m-n)L_{m+n}+ \frac{m^{3}-m}{12}\mathrm{r}_{V}\delta_{m+n,0}^{-}\vee$ $(m, n\in Z)$,
($j\iota’\in C$ $c_{V}$ $c.$entral charge
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(V5) $\forall a\in V_{n}$ $L_{0}a=na$ ,
$n=wt(a)$
$a\in V_{n}\text{ }$ homogeneous
(V6) $\frac{d}{dz}Y(a, z)=Y(L_{-1}a, z)$ .
$\mathrm{V}\mathrm{O}\mathrm{A}$ (commutator formula, skew-symmetry)
Proposition 1
(1) commutator formula:
[a , $b_{n}$ ] $= \sum_{i\geq 0}(\begin{array}{l}\prime mi\end{array})(a_{i}b)_{m+n-i}$ $(\forall a, b\in V, m, n\in Z)$ ,
(2) skew-symmetry :
$Y(a, z)b=e^{zL_{-1}}Y(b, -z)a$ $\mu_{a,b}\in V)$ ,
(3) $\forall m,$ $n\in Z_{\text{ }}a\in V:$ homogeneous
amVnpn+tp a)-rn-l.
Proof.





(2) Yacobi identity $(a, b, z_{0}, z_{1}, z_{2})\mapsto(b, a, -z_{0}, z_{2}, z_{1})$
$z_{2}^{-1}$ $\delta(\frac{z_{1}-z_{0}}{z_{2}})Y(Y(a, z_{0})b,$ $z_{2})$
$=$ $z_{1}^{-1}$ $\delta(\frac{z_{2}+z_{0}}{z_{1}})Y(Y(b, -z_{0})a,$ $z_{1})$
$=z_{1}^{-1}$ $\delta(\frac{z_{2}+z_{0}}{z_{1}})Y(Y(b, -z_{0})a,$ $z_{2}+z_{0})$














Definition 2 $M$ weak $V$ -module
(i) $M$ : vector $space/C$ ,
(ii)
$V$ $arrow$ (EndM) $[[z, z^{-1}]]$ :C-linear
$a\mapsto$ $Y_{M}(a, z)= \sum a_{n}^{M}z^{-n-1}$ ,
$n\in Z$
$(M, Y_{M})$ 3
$\forall a,$ $b\in V,$ $u\in M$ ,
(M1) $a_{n}^{M}u=0(n\gg 0)$ ,
(M2) $Y_{M}(1, z)=\mathrm{i}\mathrm{d}_{M}$ ,
(M3) $z_{0}^{-1} \delta(\frac{z_{1}-z_{2}}{z_{0}})Y_{M}(a, z_{1})Y_{M}(b, z_{2})-z_{0}^{-1}\delta(\frac{z_{2}-z_{1}}{-z_{0}})Y_{M}(b, z_{2})Y_{M}(a, z_{1})$
$=z_{2}^{-1} \delta(\frac{z_{1}-z_{0}}{z_{2}})Y_{M}(Y(a, z_{0})b,$ $z_{2})$ .
Remark 1([DLMl]) $Y_{M}(\omega, z)=\Sigma_{n\in Z}L_{n}z^{-n-2}$ $wmkV$-module $M$
Virasoro relation \mbox{\boldmath $\tau$}
3
Proof. $u\in Vl’.X\backslash \mathrm{f}\mathrm{b}_{\backslash }$
$Y_{M}(L(-1)u, z_{2})$
$=Y_{M}(u_{-2}1, z_{2})$
$={\rm Res}_{z_{0}}z_{0}^{-2}Y_{M}(Y(u, z_{0})1,$ $z_{2})$
$={\rm Res}_{z_{0}}{\rm Res}_{z_{1}}z_{0}^{-2}(z_{0}^{-1} \delta(\frac{z_{1}-z_{2}}{z_{0}})Y_{M}(u, z_{1})Y_{M}(1, z_{2})$
$-z_{0}^{-1} \delta(\frac{z_{2}-z_{1}}{-z_{0}})Y_{M}(1, z_{2})Y_{M}(u, z_{1}))$
$={\rm Res}_{z_{0}}{\rm Res}_{z_{1}}z_{0}^{-2}z_{2}^{-1} \delta(\frac{z_{1}-z_{0}}{z_{2}})Y_{M}(u, z_{1})$




$Y(\omega, z_{0})\omega$ Virasoro relation
Definition 3 $M$ admissible $V$ -module $M$ weak $V$ -module
(1) $M=\oplus_{n\in Z_{\geq 0}}M_{n\prime}$
(2) $\forall m\in Z,n\in Z_{\geq 0},$ $a\in V$ :homogeneous
$a_{m}^{M}M_{n}\subseteq M_{n+wu)-m-1}.a$
Definition 4 $M$ (ordinary) $V$ -module $M$ weak $V$ -module
(1) $M=\oplus_{\lambda\in C}M(\lambda),$ $M(\lambda)=\{u\in M | L_{0}u=\lambda u\}$ ,
(2) $\dim M(\lambda)<\infty(\forall\lambda\in C)$ ,
$\lambda\in C$ : fix, $n\ll 0$ $(n\in Z)$ $M(\lambda+n)=0$
Proposition 2 $M$ (ordina $V$ -module $M$ admissible $V$ -module
Proof.
$I=$ { $\lambda\in C$ $|$ $M(\lambda)\neq 0,$ $M(\lambda+n)=0$ for $n\in Z_{<0}$ },
$M_{n}=\oplus_{\lambda\in I}M(\lambda+n)$ $M=\oplus_{n\in Z_{\geq 0}}M_{n}$ l. $\square$
4
3Zhu
$\mathrm{V}\mathrm{O}\mathrm{A}V$ $\mathrm{Z}\mathrm{h}\mathrm{u}$ $A(V)$ $\mathrm{V}\mathrm{O}\mathrm{A}$
$a\in V:\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{o}\mathrm{u}\mathrm{s},b\in V$
$a*b=$ ${\rm Res}_{z} \frac{(1+z)^{w\mathrm{R}}a)}{z}Y(a, z)b$ ,
$a\circ b=$ ${\rm Res}_{z} \frac{(1+z)^{wq_{a)}}}{z^{2}}Y(a, z)b$
([Z])
operations $*,$ $0$ $V$ linear
$O(V)=\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{n}C\{a\circ b | a, b\in V\},$ $A(V)=V/O(V)$ ([Z])
vector space $O(V),$ $A(V)$
Proposition 3 $([Z])$
(1) $O(V)$ : $*$ ideal,
(2) $A(V)$ : $*$ associative algebra.
Proof. [Z] Theorem 2.1.1
oper.a$\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}*$ $A(V)$ $\mathrm{Z}\mathrm{h}\mathrm{u}$
$fVI$ : weak V-module
$\Omega(M)=$ {$u\in M$ $|$ $a_{wt(a)+n}^{M}u=0$ for $n\in Z0,$$a\geq\in V:$ homogeneous},
$o(a)=a_{wt(a)-1}^{M}$ ( $a\in V:$ homogeneous)
$.\mathit{0}$ : $Varrow \mathrm{E}\mathrm{n}\mathrm{d}CM$ linear
linear map $\mathit{0}$ $\Omega(M)$
Proposition 4 $([Z],[DLM\mathit{2}])$






(3) $M$ : irreducible admissible $V$ -module
(i) $\Omega(M)\cong M_{0}$ as $A(V)$ -module,
(ii) $\Omega(M)$ : irreducible $A(V)$ -module.
Proof. [DLM2] Theorem 53, Proposition 5.4
Theorem 1 $(/ZJ, /DLM\mathit{2}])$
functor $\Omega$ : $M\mapsto\Omega(M)$ irreducible admissible $V$ -module $(/) \prod\overline{\mathrm{p}}$ { irreducible
$A(V)$ -module 1 1





$V$ rational $VOA$ { admissible $V$ -module
Theorem 2 $([DLM\mathit{2}J)$
$V$ rational $VOA$
(1) irreducible admissible $V$ -module
(2) irreducible admissible $V$ -module ordinary $V$ -module
Proof. [DLM2] Theorem 8.1 $\text{ }$
Theorem 3 $([Z])$
$V$ rational $VOA$ $Zhu$ $A(V)$ semisimple associative algebra
Proof. $V$-module $M$ top level $M_{0}$ $A(V)$ $M$
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